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Summary

This paper describes a simple model of topological
constraints on polymer network chains. In the frame
of this model we calculate the deformation dependence
of the constraining potential used in a theory of
stress~strain behaviour previously.

Introduction

An extension of ideas of EDWARDS /1/ concerning topo-
logical constraints leads to a statistical-mechanical
theory /2,3/ of randomly crosslinked polymer networks
which yields an equation for the sitress in simple
tension in the form

o = 20,( - A7) + 205 AP/21 - 10Dy ()
with i
2c, = 58 ana 20, = K 6712 b (8%/p 2 (2)

The C, -~ term describes the departure from phantom
netwogk behaviour and results from effects of topo-
logical constraints, simulated by a harmonic (ED-
WARDS-) constraining potential /1/. M is the number
of crosslinks in the volume V of the sample and N
the number of primary chains in the uncrosslinked
polymer from which the vulcanisate is formed.

¢R2> = 1L (1 - statistical segment lengthj L ~ con-
tour length) is the mean-square end-to-end distance
of the primary chains, and p, denotes the mean-
square fluctuations of the sgatistical chain segment
after crosslinking. k and T have their usual signi-
ficance. The parameter b describes the deformation
dependence of the mean fluctuations. It has been
introduced /2,3/ by the relation

b/2
pP - XP Po (p = x,5,2).
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In the case b = 2 the theory yields a Moomsy-Rivlin
equation /2/. For crosslinking points per primary
chain M/N 21 one gets a ratio of the Mooney~Rivlin-
parameters Cp/Cq4 in the order of unity if pZ «lL,
i.e. mean-square fluctuations in the order 8f mean
dimension of a single macromolecule. Such great values
of po are in disagreement with calculations made by
DOI /4/ for dense polymer systems (pg &L1L). It was
shown that the case b ¢ 2 which describes a weaker
deformation dependence than the affine ansatz, solves
the contradictory /3/.

From a phenomenological point of view TSCHOEGL /5/
proposed a constitutive two-term elastic potential
from which eq. (1) could be deduced. the first term
is the neo-Hookean potentieal predicted by the phantom
network theory of a "perfect network". The second ac-
counts for contributions arising from "equivalent
pseudo~crosslinks"” modelling the topological con-
straints (entanglements) in real rubbers. Reasonable
experimental agreement with eq. (1) has been achieved
by Setting b = -0.5 /5/0

The aim of this paper is to outline statistical me~
chanical considerations for explaining the value

b = ~-0.5 and at last to express po by chain parame-
ters and polymer density.

Theory

For simulating the topological constraints of the
network chains we present a simple model of an infi-
nite chain hindered by neighbouring chains with end-
points fixed in the gel (crosslinking points). A, part
of the infinite chain in the mean configuration %%s)
(8 -~ chain arc length) is approximated by a straight
line which we identify with the x-axis of a co-ordi-

nate system (Fig. 1). Further we as that onl
such chains aL(re Sco;ao)lcgic:al active w%en ave ne:? -

points-at Ioi and £1i in one hqlf-s%ace y2 O and any
segment si in the xy-plane at yi 0 "en?anglement
effects™) or yi% 0 ("packing effcts™). i denotes the
chain number. The contribution of the constraining
chains to the constraining potential for a segment of
the considered chain is supposed to be caused by the
differences of their entropy in dependence of con-
figuration R(s) of the constrained chain. For simpli-
city we characterize R(s) by the position of the con-
strained segment Y(8) = Yq.

For a flexible continuous Gaussian chain as a chain
model the probability of finding a segment s of a
chain with endpoints fixed at ?8 and r1, in the xy-
plane at y = y and -1/2£x£1/2 is
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Figure 1:
A model for simu=-
lating topological
constraints.
1/2 1/2
P(¥7Zor5p) = de'fdx'p(gigo;S') p(zp,ril~s™). (3)
~1/2 =1/2

p(st,r’vn;si_sn) = (3/27[1]8'-8"')3/2 exp(-(B/les'-s"l)
(g'-r™2) (4)
is the distribution function of chain segment distan-

ces. For simplicity we replace the x' and z' inte-
grations bx+°o

12 ff... S(x") 8(z?) ax' az*

and obtain the result

(3| z,.xp) = 12(3/201s") > 2(3/201(1-5"))>/2
exp(~(3/21(I-8")) (x;>+(3'=yp)%+2;)
exp(~(3/21s') (x 2+(3'-y)%+2.2)) . (5)
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For the sum of the free energy of the constraining
chain with endpoints at Zoi, BLj and -Lo3s =Zri (the
corresponding symmetric situation) cause& by a dis-
placement of the constrained segment from Y(s)=0 to
Y(s)=Y, we obtain

il

AFi(Yol £Oi’£Li) _TASi(YOlSOi’ELi) (&)

with the entropy

885 (Y| 3059815) = 85(¥ | Lo50813) + 85 (T |Z0gZ214)
- 28;(0|5o50zry) - 7

sgol So'SL; follows from the statistical weight

G TorEL of the chain with fixed position of end-
poiﬁ Che and I via
S(Yo|£o’£L) =k In G(Yolso’ﬁL) 4 (8)
and oo
G(Y | 2,951) ~f p(y'1z4,5) 43" (9
Yo

From eqn. (5) and (9) one gets
G(Yo|50’£L) = const. exp(-(ot/L)((L—s')302+s'£L2))
exp(ec 22) (1-2/T V2 ers(xV3(x -2)))  (10)

with erf(x) the error-function,of= 3L/21s'(L-s')
and ¥= (yo(L—s')+yLs')/I- .

Finally a Taylor—expansion of the error~funetion up
to the second order ylelds for the free energy in
long chain approximation

AF; (Y| ZosoEps) = KT 6/07721 (31/218(1-8)))"/2
(Fo/8) + ¥73/(T-8{)) 1.7 . (11)

In eq. (11) all terms containing Xo3, XIis Zoi» 2Li
do vanish.

The contribution of all network chains i to the con-
straining potential is given by

AF(Y) =Zi: <A Py (Yol 201 ’£Li>>
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=fd3roﬁ3rL p*(zp|5,) P(Z,) AF(Y,[zoez)  (12)

< ...> denotes averaging over all positions %oj_, IL
of the i-th chain. p(Lo) = pp (polymer chain density
is the a priori probability gor finding a chain
starting point in the gel. p*(;Lpr) is the probabili-
ty for finding a chain with starting and end point at
To &nd I and any intermediate point y'> O (configu-
rations”™ 1 and 2' in Fig.1). In accordance with our
model we approximate°g+ by

p*(zlz,) = fdy' p(y'/ xyT,) (13)
0

with p(y'lLL,Zo) from eq.(5). The appropriate proba-
bility for the symmetric configurations 1' and 2
(Fig.1) can be written as

p (xrlzy) = fdy' p(y' Lol o
Performing the intgggation yields
p*(xylz,) = 1%/2 (3/2m1)%/2 12/(s'(1-8"))
exp(~(/1) ((1~8 )5 2+8'5:%)) exp(oL2)
(1-2/0/yere(- 22 )) . (14)

This probability depends only on the permanent topo-
logical situation (i.e. is independent of external
deformation /1/) which is fixed after the vulcani-
sation process. If long constraining network chains
are assumed, the probability p* is nearly the same
for all s' and the constraining segment can be as-
sumed to be s' = L/2.

The free energy difference AF(Y ) in the deformed
state depends on the deformatiof by the displacement
of the endpoints of the constraining chains., If we
assume an agffine displacement of the crosslinks,

Zos — ,%Soi o Iy Azy . (9

we obtain from eqn. (12) and (14) ?Ster expanding the
error-function (for yo, yL 2 (1L)1/< the integrating

function gives extremely small contributions to the

%ntegial) the free energy per constrained chain arc
eng



404

~ /1 ﬂ, 85/2 1/2
AF(YOS )=AF(Y°i )/l = kKT ——7,72 —-=|-/2 pp ;{,y Yo .
(16)
Using the diagonal form of in (15) is in accor-
dance with the assumption of’the EDWARDS~theory /1/

that the constraining potential is independent from
the direction of the constrained segment.

A generalization of eq. (16) then gives
~
F 242 N2 A2
4E vy (A @02 A, @D A, DD a7

with g,_ (X Y Z) the mean configuration and R = (x,
Y,Z) the actual configuration of the constrained
chaln.

From eqn. (16) and (17) and from eq. (20) in /2/,

~
AF(AY | E — 1  x -R y2

- 5 J 2 ) !
kT =
x}:yaz PP(J’P)
follows
~ O. 1/4 1L 1/2 b/2 - W/N
PP~°9q (1) /1}1 i aq D

(18)
with b = -0.5, i.e. the value of the TSCHOEGL-equation.

Discussion

The presented model must be regarded as a simple
attempt to simulate chain constraining effects. Ne-
vertheless it gives a proper result concernming the
deformation dependence of the constraining entropic
potential which is in agreement with experimental
observations /5/. In this sense the b=-0.5 result
gives a support of the network theory in /2,3/,
especially for the statistical interpretation of the
Mooney-Rivlin-like behaviour of the tensile stress.

Eq. (16) indicates that in good approximation the
constraining potential is a harmonic~like. This con-
firms the idea of the tube-like confinement /6,7/
due to the topological restrictions that chalns can-
not pass through each other. EDWARDS and DEAM /8/
argued that the density of entanglements dominates
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the tube radius pg. Our model indicates that both
"entanglement effects" and "packing effects" give
contributions (but with different weight) to the
constraining potential.

The estimation of the tube~radius is one important
problem in the field of concentrated polymer solu-
tions and several attempts have been made to calcu-
late it in terms of a harmonic potential /4,4,9,10/.
Though EDWARDS /1,10/ and DE GENNBS /9/ used dif-
ferent approaches, they reached the same result for
an ancrosslink$9 concentrated polymer solution,
namely po~ pp~'/2. DOI /4/ criticized this result
using scaling requirements which should be satisfied
in the %ontinuous Gaussian chain mo?el. He found
Po~pp~' under the conditions (1L)3/2% pp=7 and
pp121u41 which should be realized at very large de-
grees of golymerization. We note that the result
Po~ pp—V/% (eq. g18)) gives support for BUECHE's
relatg n Dg~ Pp~ /11/, where nec is the critical de-
gree of polymerization below which the tube-model
breaks down and which is defined by ln¢1/2/go = const.
Using eq. (18) this relation yields the pp~' depen-
dence.

It is interesting to note that the tube-like model
can be reformulated in the frame of the primitive
chain concept /12/ in which is assumed po to be equal
to the average length of a primitive chain step at
equilibrium. In this ﬂodel the calculation of pg in
/13/ yields o”’Pp‘B/ using the scaling concept

(DE GENNES /24/) in polymer physics and pozvpp‘5/5
/12/, respectively, using a mean-field theory.,

DOI and EDWARDS /12/ argued that a deformetion modi-
fies the tube only longitudinally but not transver-
sally. The different assumption of changing the tube
diameter by external deformation, proposed by MAR-
RUCCI et.al. /15,16/, is in principle agreement with
our result.

Further, we note that the presented model gives hope
for explaining the relaxation behaviour of the Moo-
ney-Rivlin parameters /17/. The "fast" relaxation

of Cq after a sudden deformation may be explained by
the balancing process of tensile forces acting on the
primitive subchains /12/., On the other hand, the
"glow" Cp relaxation may be expected to be deter-
mined by a segment diffusion process (may be a par-
tial reptation diffusion) which forces the distri-
bution of segment position around after defor-
mation to the new equilibrium distribution.

We note finally that the characteristic swelling be-
haviour of polymer networks (decreasing Cp~value
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with increasing degree of equilibrium swelling) may
be explained in a natural manner. There are two ef-
fects causing the swelling result. First, the in-
crease in the pp-dimensions, and second, the loose-
ning from the condition that crosslinks are embedded
in the network structure (condition of fixed end-
points) and hence a loosening from the assumption of
affine displacement of junctions under strain /18,19,
20/. Considerations under this viewpoint are in pro-
gress.
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